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Higher-order topological states in photonic
kagome crystals with long-range interactions
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Photonic topological insulators enable topological boundary modes that are resilient to defects and disorder, irrespective of
manufacturing precision. This property is known as topological protection. Although originally limited to dimensionality of
modes one lower than that of topological insulators, the recently discovered higher-order topological insulators (HOTIs) offer
topological protection over an extended range of dimensionalities. Here, we introduce a photonic HOTI with kagome lattice
that exhibits topological bulk polarization, leading to the emergence of one-dimensional edge states, as well as higher-order
zero-dimensional states confined to the corners of the structure. Interestingly, in addition to the corner states due to nearest-
neighbour interactions, we discover a new class of topological corner states induced by long-range interactions and specific to
photonic systems. Our findings demonstrate that photonic HOTIs possess richer physics than their condensed-matter counter-

parts, offering opportunities for engineering novel designer electromagnetic states with unique topological robustness.

tive properties, such as robust electronic transport and wave

propagation, which promise to revolutionize technologies
across a variety of fields, from quantum electronics'~’ to photon-
ics™'* and acoustics’”™". In electronics and quantum photonics,
topological phenomena have unlocked novel approaches to quan-
tum computing interfaces''” and robust lasing?*-**, while in a broad
range of classical fields, including optics, mechanics and acoustics,
they offer an unprecedented degree of control and robustness, man-
ifesting as resilience to defects and disorder™'"'>'®!72*, While most
topological systems studied so far have been characterized by the
presence of topological states with dimensionality one lower than
that of the system, recently, a new class of topological systems, the
so-called higher-order topological insulators (HOTIs), has been
introduced”-*. In contrast to conventional topological insulators,
HOTIs support topological states”*~** two or more dimensions
lower than the system, known as higher-order topological (HOT)
states. One example is the distorted graphene-like photonic lattice
that was shown to host lower-dimensional localized HOT states™.
Another example is that of quadrupole topological insulators®>*,
which have been recently implemented in mechanical® and pho-
tonic”** systems and in electrical circuits”. Another class of crys-
talline insulators with zero Chern number is that of Wannier-type
second- and third-order topological insulators, which exhibit topo-
logical bulk polarization and support zero-energy states localized
at the corners®*’. Topological corner states in such systems are
protected by time reversal and/or spatial symmetries*, which
may not only pin them to zero energy and localization at one of
the sublattices, but also give rise to their non-radiative character
and bound states in their continuum behaviour. It is important
to distinguish HOTIs from a broad class of systems where local-
ization of lower-dimensional states can take place on a topological
defect", for example, induced by a vortex of Kekulé modulation on
the lattice, which also can be topologically protected”. In contrast

| opological systems exhibit unique and often counterintui-

to this type of system, in HOTIs, the topological states localize at
the external boundaries due to the global property (of the bulk of
the material)—topological bulk polarization—and not due to the
local change in properties caused by the introduction of the defect
(albeit topological).

Here, we design and experimentally demonstrate photonic
higher-order corner states in a microwave photonic crystal with
topological bulk polarization. In addition to higher-order states
consistent with those observed recently in acoustics*', we show that
in electromagnetic systems where far-field interactions among non-
neighbouring unit cells are inevitable, the coupling beyond nearest
neighbours leads to the emergence of a new class of HOT corner
states, which split from the topological edge states continuum.
Interestingly, the role of interaction in photonic systems beyond
nearest-neighbour coupling has been explored by Leykam et al.** in
the context of topological photonics to control topological transi-
tions. More relevant to our paper, the effect of next-nearest-neigh-
bour (NNN) coupling on corner and defect states in dimerized Lieb
lattices with flat bands has been investigated by Poli et al.*. It was
shown, both theoretically and in a microwave experiment, that the
reduction of the chiral symmetry gives rise to spectrally and iso-
lated robust point-defect zero modes. However, to the best of our
knowledge, no emergence of the new type of HOT states have been
reported. Our findings, therefore, open up new opportunities for
topological photonic metamaterials beyond previously considered
approximations based on analogies with electronic systems, and
envision devices whose functionality relies on multiplicity of topo-
logical states of differing nature and dimensionality interacting with
each other in a controllable manner.

Photonic HOTI

We explore a two-dimensional topological photonic crystal’*
with topological bulk polarization, supporting a topological phase
protected by lattice symmetries. The lattice represents an array of
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Fig. 1| Kagome lattice and corresponding bulk and edge band spectra. a, Kagome lattice with dielectric cylinders as sites, with top and bottom bounded
by aluminium plates. b, Bulk band diagrams of unperturbed (1), shrunken (2) and expanded (3) kagome lattices. A complete bandgap (grey band) is
formed in the shrunken and expanded cases due to the symmetry reduction. Inset: corresponding lattice unit cells. ¢,d, Simulations of edge states at the
boundary between non-trivial (expanded) and trivial (shrunken) lattices, showing field profiles of a kagome supercell structure with shrunken/expanded
domain walls, where two modes are localized at the inner and outer interfaces, respectively (¢), and the corresponding band diagram for the supercell (d).
h, height of dielectric cylinder; a,, lattice constant. ', K and M are high-symmetry points in the Brillouin zone of a kagome lattice. The colour scale

in ¢ shows the amplitude of the electric field (Vm™).

dielectric cylinders arranged to form a kagome lattice between two
parallel aluminium plates, as shown in Fig. 1a. Dielectric cylinders
are formed by filling the patterned Styrofoam mould with a high-
index dielectric material. In this geometry, the dielectric cylinders
support a vertical dipolar mode that is also the lowest-frequency
mode we choose to work with to design the topological photonic
crystal. In addition to the near-field coupling of the dipolar modes
in the lattice, the modes also couple to the transverse electromag-
netic mode supported by the parallel-plate host waveguide formed
by aluminium plates, thus giving rise to far-field radiative coupling.
The latter coupling renders previous analytical treatments of topo-
logical kagome lattices inadequate for the photonic system at hand,
as we need to consider interactions beyond nearest-neighbour
approximations (Supplementary Section C) and apply first-prin-
ciples methods to rigorously analyse the system. Nonetheless, the
coupling strength between cylinders can still be tuned by shift-
ing the cylinders closer to or farther away from one another, thus
enabling control over the coupling within the lattice. By compar-
ing the analytical tight-binding model and first-principles simula-
tions (using the finite-element method (FEM) software COMSOL
Multiphysics and the radio frequency module), we find that the sys-
tem is qualitatively well described by the tight-binding model when
NNN coupling is considered (Supplementary Sections A and C).
For the case of an ideal (unperturbed) kagome lattice, for which
the distances between cylinders, d, in the same and nearby unit cells
are equal (Fig. 1b inset, position 1), that is, the inter-cell and intra-
cell couplings are the same, the band diagram with FEM simulations
(bluelinesin Fig. 1b) exhibitsa Dirac-like degeneracyat the K (and K’)

20

point in the Brillouin zone. When the crystalline symmetry is
reduced by shifting the dielectric cylinders as shown in the Fig. 1b
inset (positions 2 and 3), the inter-cell and intra-cell couplings
between neighbouring trimers are no longer equal. This induces
a topological transition and leads to the opening up of a complete
photonic bandgap at the K and K’ points.

The topologically non-trivial expanded structure (position 3)
and trivial shrunken structure (position 2) have identical band
structures, shown in Fig. 1b by red lines. Therefore, the two cases
cannot be distinguished by frequency dispersion alone. However,
these two configurations exhibit two distinct topological phases,
separated by the gapless (position 1) transition point correspond-
ing to the ideal kagome lattice. The topological transition arises due
to the symmetry reduction caused by the ‘trimerization’ of the lat-
tice, giving rise to the hybridization and band inversion of formerly
degenerate bands. The topological transition can be demonstrated
directly by calculating the topological bulk polarization through a
Wilson loop, and by investigating the C, symmetry-related proper-
ties at high-symmetry points in the Brillouin zone, as discussed in
Supplementary Section All.

The topological bulk polarization characterizes the displacement
of the average position of the Wannier centre from the centre of
the unit cell***. In the trivial case, the zero value of bulk polariza-
tion implies that the Wannier centre is pinned to the centre of the
unit cell, and no modes can dangle at the boundaries. However, in
the topological non-trivial case, the non-vanishing bulk polariza-
tion induces a shift of the Wannier centre, so that when the bound-
aries are introduced, dangling states emerge at the boundaries®.
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Fig. 2 | Simulation results of topological edge states and type | and type Il corner states. a, Energy spectrum for the triangular kagome lattice with
k=2d/a, in trivial (x<1) and topological (x > 1) regimes. b-d, Field profiles and their corresponding frequencies. Both corner states (type | (b), red band in
a, and type Il (d), magenta band in a) and edge states (c) (blue band in a) appear in the bandgap of the topological region and are gapped from each other.
Both type | and Il corner states are triply degenerate states. Colour bar in b-d shows the amplitude of the electric field (V m™).

The bulk polarization difference of the expanded kagome lattice
acquires values (1/3,1/3) relative to the shrunken lattice. We have
also proven that with the inclusion of long-range interactions, the
bulk polarization remains quantized and equals (1/3,1/3), leading
to the emergence of boundary states in finite crystals surrounded by
trivial domains. Details of the calculations of the topological polar-
ization and the Wannier centre (both for systems with and without
long-range interactions) are outlined in Supplementary Section AII

Given the bulk-boundary correspondence for our system*, the
non-trivial polarization difference across domains manifests in the
emergence of topological edge states, which appear at the domain
walls separating shrunken and expanded domains of the crystal.
These states can be clearly seen in the eigenfrequency simulations
of a supercell of 20 unit cells with domain walls in the centre and
at the outer edges (the latter due to periodic boundary conditions
imposed at the outer vertical boundaries). The field profiles in
Fig. 1c show two modes localized at the inner and outer interfaces,
respectively, and the corresponding bands are clearly visible in the
band diagram, Fig. 1d (blue lines), within the topological bandgap
separating the bulk continuum (red shaded regions).

More interestingly, the distorted kagome lattice is expected to
exhibit HOT states for the case of the finite structure. These states
represent second-order topological states confined to zero-dimen-
sional corners of our two-dimensional system when the angle of the
corner is 60°. As has been previously demonstrated*, in the case
when only nearest-neighbour coupling is present, these HOT states
seem to be pinned to a single frequency, which exactly equals the
resonance frequency of a single isolated resonator in the lattice and
is referred to as zero energy. These states seem to be protected by
the generalized chiral symmetry, which guarantees that the corner
states are pinned to zero energy, and are ideally localized at one of
the sublattices. The generalized chiral symmetry for the present
case of a two-dimensional kagome lattice is described by the opera-
tor I3, with the property I3 = 1, connecting a sequence of i n1nequ1—
valent Hamiltonians H, w1th the same spectrum "B, " = H,
where n=1,2, and Ho is the original Hamiltonian of the system,
so that Hy + Hl +H, =0. Importantly, in the context of electro-
magnetic systems, when long-range interactions are inevitable, our
analysis shows that the generalized chiral symmetry is retained as
long as interactions within the same sublattice are negligible
(for details, see Supplementary Section A).

The results of first-principles simulations for the distorted crystal
of triangular shape bounded by a trivial (shrunken) domain in Fig. 2a
show the evolution of the band structure as the system under-
goes a topological transition when the ratio of inter- to intra-cell
distance (from shrunken to expanded) is gradually detuned.

As expected from the above discussion, the topological states appear
only in the non-trivial case of the expanded lattice, characterized by
non-vanishing bulk polarization. In Fig. 2b, we can indeed see the
corner states, which we refer to as type I HOT states and do local-
ize on a particular sublattice within the topological domain*, indi-
cating the presence of the generalized chiral symmetry. The triply
degenerate and flat spectral position of type I corner states for all
three corners (Fig. 2a) confirms that third-order and longer-range
interactions within the same sublattice, which break the generalized
chiral symmetry, are very weak. We attribute this to the screening of
such interactions by the rods of two other sublattices located exactly
between the rods of the same sublattice.

HOT states induced by long-range interactions

Besides type I corner modes, another interesting observation can be
made for the case of a finite domain by inspecting Fig. 2a and the
corresponding eigenmode field profiles of Fig. 2d. Three (degener-
ate) modes follow closely the spectrum of the topological edge states
as the coupling detuning parameter x=2d/a, increases within the
topological regime. For values of k~ 1.1, the corresponding eigen-
modes have a field profile similar to that of edge states, but they
tend to localize to corners as k increases in value, establishing an
interesting new type of HOT corner states, which we refer to as type
II. Interestingly, the tight-binding model that considers only near-
est-neighbour coupling fails to predict these states, thus suggesting
that their nature is specific to systems with long-range interactions,
that is, these new states can be linked to the electromagnetic inter-
actions beyond nearest-neighbouring cylinders. Indeed, the tight-
binding model simulations with NNN interactions reveal these new
type II corner modes, which, just as in the case of first-principles
electromagnetic studies, split off from the edge states continuum
(Fig. 3b,d,e and Supplementary Section AI) and have field profiles
resembling those of the topological edge states, but exponentially
decaying away from the corners. This observation allows us to
draw the conclusion that type II HOT corner states form due to
the localization of the topological edge states at the corners, which
is caused by long-range interactions (more details are available in
Supplementary Section Al).

To better understand the origin of type II HOT states, we devel-
oped the perturbation theory, starting from the limiting case of a
fully ‘trimerized’ (in analogy with the fully dimerized limit of the
one-dimensional Su-Schrieffer-Heeger model) topological lattice
with intra-cell coupling K=0 and NNN hopping J,=0. In this case,
an entire structure splits into isolated clusters of sites connected to
each other via only inter-cell coupling J, as illustrated in Fig. 3a.
Thus, the bulk of the lattice consists of trimers, which support two
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Fig. 3 | Localization mechanism of type Il corner states. a, Finite triangle-shaped geometry of the kagome lattice. Red triangles show boundaries of the
unit cell; the diagonal black dashed line is the bisectrix of the corner. Inset: isolated sets of interacting sites: trimers in the bulk, dimers at the edges and
single isolated sites at the corners. b, Energy spectrum and eigenmodes of a finite lattice (630 sites) for J/K=10, and with varying ratio J,/K (assuming
K=1J). ¢, lllustration of coupling between dimers at a corner forming type Il corner states. d, Enlarged section of b showing the bands of edge states and
the emergence of type Il HOT states as J, increases. Red (for antisymmetric mode) and black (for symmetric mode) dashed lines show the analytical
result for the energies of corner states obtained with first-order perturbation theory. e, Result of tight-binding model for the same structure as in b but far

from the limit of the trimerized lattice (K=5J, J/K=3.5).

types of mode: (1) a singlet monopolar mode with equal amplitudes
at all three sites and energy E=—2] (Fig. 3b) and (2) a doublet of
dipolar modes with energy equal to J. Once we assume some small
but non-zero values of K or J,, these discrete modes give rise to the
formation of dispersive bulk bands, depicted in Fig. 3b.

Conversely, the edges of the structure consist of isolated (dan-
gling) dimers, which support symmetric and antisymmetric modes
with energies —J and J, respectively. Note that the former set of
modes gives rise to the topological edge states of the lattice, while
the latter set overlaps and merges with the continuum of upper
(dipolar) bulk bands.

Finally, the corners of the structure in Fig. 2a represent iso-
lated sites, a consequence of which is the triply degenerate corner
modes with the energies of isolated sites. As mentioned above, these
modes represent type I HOT states protected by the generalized chi-
ral symmetry, which ensures that their energy remains pinned to
zero-energy level, even when both J, and K take non-zero values
(see detailed symmetry analysis in Supplementary Section A). As
this type of zero-energy corner mode appears even in the absence of
NNN coupling, we do not explore it any further.

Since in the limiting case of the trimerized lattice (J,=K=0),
the eigenmodes of the lattice can be written down analytically, as
we show in Supplementary Section C, we can immediately apply
the degenerate perturbation theory to reveal the role of the NNN
coupling in the formation of the type II HOT corner modes and to
deduce the energy and localization length of these modes.

The result of the first-order perturbation theory is schemati-
cally shown in Fig. 3¢, which illustrates that the boundary problem
reduces to the effective one-dimensional problem, with two edges
(blue sectors) meeting at the corner (green sector). The analy-
sis shows that the interaction among (symmetric) modes of the
individual dimers along the edges, which equals K/2, seems to be
weaker than the interaction between the proximal dimers across the
corner by the strength of J,. Straightforward calculations yield two
localized solutions with

K +2),)*+K?
E=-JF (K +2)a) +K° (1)
2K + 4],
where upper and lower signs (F) correspond to two type II HOT
states, which are symmetric and antisymmetric, respectively,
with respect to reflection relative to the bisectrix of the corner.

The calculations also demonstrate that these states decay exponen-
tially away from the corner.

For comparison, the energies of symmetric and antisymmetric
corner modes calculated using such reduction to the effective one-
dimensional problem are plotted by the black and red dashed lines,
respectively, in Fig. 3d, along with the exact solution to the tight-
binding problem (blue lines). It is seen that the lower-energy (sym-
metric) type II mode strongly interacts with the continuum of the
lower-energy bulk states, and for larger K and J, values, it strongly
hybridizes with the continuum. At the same time, an antisymmetric
corner mode always appears within the bandgap and nicely follows
the analytic solution of the perturbation theory. Considering more
realistic regimes far from the fully trimerized lattice (Fig. 3e), the
results perfectly agree with our conclusions and explain why the
(symmetric) lower-energy mode is not observed in the first-prin-
ciples FEM simulations. Indeed, for our case of a less trimerized
photonic lattice with stronger NNN coupling, this mode is pushed
into the lower bulk continuum and is destroyed through mixing
with the bulk states.

Experimental results

To experimentally validate our theoretical predictions, we have fab-
ricated crystal with ten unit cells per triangle side length, placed
in a parallel-plate waveguide, and performed near-field measure-
ments. Figure 4a presents the extracted local density of states, which
were retrieved from the measured field profiles by applying differ-
ent spatial filter functions that take into account the field profiles of
the respective modes. For type I corner states (Fig. 4b), the spatial
filter is the Heaviside step function placed over the three corner
cylinders. For type II corner states (Fig. 4c), the filter is the step
function over pairs of cylinders adjacent to the corner site. For the
topological edge states (Fig. 4d), all edge cylinders except those at
and adjacent to the corner are included in the spatial filter, while
for bulk states, all internal cylinders are considered. The extracted
experimental densities of states are in excellent agreement with the
results of theoretical calculations as they all peak at the respective
frequencies of the type I and II corner states and overlap spectrally
with the edge band. The field profiles corresponding to the frequen-
cies of the maximal density of corner states are also consistent with
the theoretical results in Fig. 2c,d. In particular, for type I states,
both theoretical and experimental results clearly reveal localization
of the field to the sublattice of upper cylinders in the topological
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Fig. 4 | Experimental observation of HOT type | and type Il corner and edge states. a, Experimentally measured densities of states. Coloured areas are
experimental results for corner excitation, and black areas are for bulk excitation. b-d, Field profiles (log scaled electric field intensity (V m™)) showing
different types of topological corner states (type | (b) and type Il (¢)) and edge state (d), observed experimentally at corresponding frequencies when the
system is excited by a source placed at near the corner. a.u., arbitrary units. In b-d, the white dashed lines show the boundary between expanded triangle
and shrunken crystal around it, and the white hexagons show the unit cells of the crystals.

region, indicating the presence of the generalized chiral symme-
try. Moreover, the interactions beyond nearest neighbours clearly
give rise to the emergence of a new, type II, HOT state, with a field
profile (Fig. 3¢) that confirms its origin from the edge continuum,
localized due to such interactions.

To ensure the generality of our findings in the context of electro-
magnetics, we examined two additional cases of boundary conditions
specific to electromagnetic problems. In the first case, we studied an
open topological crystal bounded by empty space (unfilled parallel-
plate waveguide). This type of boundary enables coupling between
modes of the crystal and the waveguide and is known to give rise to
radiative losses and finite lifetime of the modes, the subject of inter-
est in the context of non-Hermitian topological phases**’. We found
that for our system, the leakage did not bring any new physics besides
spectral broadening of the HOT and topological edge states, thus evi-
dencing their robustness with respect to the open boundary condition.
The second boundary condition studied was the case of a topological
domain surrounded by a metal wall. In this case, the experimental
studies confirmed the presence of both types of HOT state, as well as
topological edge states, but the chiral symmetry was clearly broken,
leading to spectral shift of the modes. A detailed description of both
experiments is provided in Supplementary Section B.

Summary
In this work, we have demonstrated that the physics of HOT states
in photonic structures can be distinct from their condensed-matter
and acoustic counterparts, despite a similar geometry and topologi-
cal phase. In particular, the presence of near- and far-field interac-
tions in electromagnetic systems provides richer opportunities by
enabling topological states not immediately available in electronic
systems. In the photonic kagome crystal considered here, we dis-
covered type I HOT corner states protected by the generalized
chiral symmetry. More importantly, we found theoretically, and
confirmed experimentally, that long-range interactions can result
in the formation of a new class of type II HOT corner states. Our
studies also reveal an inherent robustness of corner states to dif-
ferent boundary conditions, making photonic HOTIs suitable for
integration into different device platforms. In particular, we have
experimentally confirmed that the HOT corner states persist when
the crystal is bounded by topologically trivial crystal, is surrounded
by free space or is terminated by a conductor. The first two cases
clearly show that the proposed designs can be immediately realized
in optical domains where metals are lossy.
Ourstudydemonstratesthe major potential of photonic HOTIsfor
revealing new fundamental phenomena stemming from physics that
are specific to electromagnetic systems. It also shows that photonic
HOTIs represent an exceptional platform for the realization of

tuneable and robust devices with highly controllable field localiza-
tion and spectral characteristics across the entire electromagnetic
spectrum. The peculiar interplay between long-range interactions
and topology has been shown to lead to the transformation of edge
states into a new class of HOT corner states, which enables cou-
pling topological states of differing dimensionalities. Extending
our ideas to higher-dimensional photonic systems, as well as to
synthetic dimensions, opens up even broader opportunities for
novel photonic HOTIs. Originating from lower-order topological
states due to their localization induced by long-range interactions,
such states can be tailored on demand to design and construct a
variety of interfaces and platforms of interacting topological states
of different orders.
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Methods

Device fabrication. The crystal was realized in a Styrofoam triangular substrate
(relative permittivity around 1.1 and negligible losses) with machine-drilled

holes filled by a commercially available dielectric (ceramic aluminium oxide
ECCOSTOCK HiK, Emerson & Cuming, with relative permittivity &, = 10 and

loss tangent tand=0.0007 as specified in the product datasheet). The geometric
dimensions of the structure are as follows: the length and diameter of the cylinders
are 20 mm and 6 mm, respectively, and the lattice constant is 24 mm. The shrunken/
expanded structure had the distance between cylinders reduced/increased by 30%.
The fabricated metacrystal was wrapped with conducting (aluminium) foil, and the
modes were excited at the corner by placing a dipole antenna into the hole drilled
in the lower metal plate. The field probing was done by another dipole antenna
placed into another hole drilled in the upper metal plate, with both plate and
antenna moving together across the structure to map the field distribution.
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